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Problem setting
0@00000

Complementarity Problems

General form [FP03]

F, G : R" — R" smooth vector functions,

find x € R" s.t. : F(x) > 0,G(x) > 0,F(x)"G(x) =0

(1)
<0< F(x)LG(x) > 0.
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Complementarity Problems

General form [FP03]

F, G : R" — R" smooth vector functions,

find x € R" s.t. : F(x) > 0,G(x) > 0,F(x)"G(x) =0

(1)
<0< F(x)LG(x) > 0.

Other forms/expressions exist:
e F or G is the identity (G(x) = x), 0 < F(x) L x > 0.
e Linear Complementarity Problem [CPS92]

0<x L (Mx+gq)=>0. (2)
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Problem setting
[e1e] Yololele}

Reformulation trick: C-functions

One can reformulate (1) as finding x € R” such that
Humin(x) := min(F(x), G(x)) = (min(Fi(x), Gi(x)))iefr:n] = O0- (3)

C-function: (1) < H(x) = 0, system of nonsmooth equations.
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[e1e] Yololele}

Reformulation trick: C-functions

One can reformulate (1) as finding x € R” such that
Humin(x) := min(F(x), G(x)) = (min(Fi(x), Gi(x)))iefr:n] = O0- (3)

C-function: (1) < H(x) = 0, system of nonsmooth equations.

Another C-function is Fischer-Burmeister

erp(Fi(x), Gi(x)) : = \/Fi(X)2 + Gj(x)? — (Fi(x) + Gi(x))
Hrg(F(x), G(x)) = (¢rB(Fi(x), Gi(x)))ici1:n =0

(Many variants of ppp, parameter-based families...)

(4)
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Problem setting
[ee]eY Tolele}

Comparison - 1

Huin(F, G) Hrp(F, G)

formula(F, G) piecewise linearv’ nonlinear

not if Fi(x) = Gj(x), | everywhere outside
FI) £ Gx) | Flx)=0= G(x)

differentiable?
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Problem setting
0000®00

Semismooth Newton Method (SNM)

Adaptation of Newton's method to obtain fast local convergence.

General framework (Hmin, HFB)

e k=0,x%<cR" loop over k
if H(x¥) =0, stop
solve H(x¥) + A(xK, d*) = 0;  A(xk,-) replaces “H’(x*)"
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Problem setting
0000®00

Semismooth Newton Method (SNM)

Adaptation of Newton's method to obtain fast local convergence.

General framework (Hmin, HFB)

e k=0,x%<cR" loop over k
if H(x¥) =0, stop
solve H(x¥) + A(xK, d*) = 0;  A(xk,-) replaces “H’(x*)"

For instance, A(xX, d") = Jd" for some J € OH(xX).
With regularity assumptions to ensure each Jacobian is nonsingular.

5/ 38
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Problem setting
00000e®0

Comparison - 2

Hein(F, G) Hrp(F, G)
formula(F, G) piecewise linear v/ nonlinear
. i not if Fi(x) = Gj(x), everywhere outside
differentiable? F,-/(X)(?é) G,’(X)( ) Fi(x) =0 = Gi(x) v
SNM local if V' J € OHpin(x*),J | if V J € OHpp(x*)[%], J
convergence nonsingular: quadratic | nonsingular: quadratic
bonus finite if F, G affine much more studied

[] But actually, more complicated to verify for OHpp(x*).
©orp "concentrates” the nondifferentiability in (0,0).
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Problem setting
[eIeeTolote] }

Towards globalization

What about finding a suitable first iterate? — globalization
Use of a merit function § = 1HTH = ||H|[?/2.

Focus of the talk:
convergence and globalization properties using Hpmin

Inspired from a polyhedral approach [DFG19] with linesearch.
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Polyhedral approach
0®00

The basic Newton-min algorithm

[ F =1
smooth { G(x) = {i
) =10

(maybe) nonsmooth { E(x

The equality indices £(x) are partitioned into
E(x) = Ex(x) U&g(x), then

x) solution o (F(x) + F'(x)d) ruer(x) =0
) solution of { (G(x) + G'(X))guegx) =

38
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Polyhedral approach
0®00

The basic Newton-min algorithm

[ F =1
smooth { G(x) = {i
) =10

(maybe) nonsmooth { E(x

The equality indices £(x) are partitioned into
E(x) = Ex(x) U&g(x), then

, (F(x) + F'(x)d) ruer(x) =0
x) solution of F
() {(an+eu)mw@w ~0

e quite simple and can be very efficient;
e some theoretical convergence difficulties;

e which partition is essential; wrong choice can increase 6.
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Polyhedral approach
coeo

Local treatment

(F+F'd)r =0,(G+ G'd)gy =0, '(x)" dropped

= > FFld+ Y GGjd+ > H;min(F/d, Gd)

ieF( x) i€G(x) ic€(x)
= —20(x)+ Y Hi(min(F;+ F/d, G+ G/d))
smooth i€€(x) nonsmooth
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Polyhedral approach
coeo

Local treatment

(F+F'd)r =0,(G+ G'd)gy =0, '(x)" dropped

= > FFld+ Y GGjd+ > H;min(F/d, Gd)

ieF( x) i€G(x) ic€(x)
= —20(x)+ Y Hi(min(F;+ F/d, G+ G/d))
smooth i€€(x) nonsmooth

Let E%(x):={i: F;=G; >0} and £~ (x) :={i : F; = G; < 0},
EX(x)u 88+(x) be a partition of £9%(x): polyhedron in

Fit Fl :o/efuﬂw”&)
G+ Gld=0 ieG(x)UEX(x) /

! . <_
Fi+Fld>0 ie&( b=
Gi+Gd>0 ie& (x

U
x)
)
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Polyhedral approach
ocooe

From local to global

Key steps of the polyhedral linesearch version

e near a negative kink, Fi(x) < Gj(x), F; used

e but in x + d, it may be G;(x + d) < Fi(x + d)
Fi(x) = Gi(x) = |Fi(x) — Gi(x)| < T for 7 > 0 small
regularity assumptions for 34 ¢ bounded

global convergence obtained with linesearch
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Bypassing regularity
®000

Least-squares and regularization

Outline

© Bypassing regularity
@ Least-squares and regularization
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Bypassing regularity
0®00

Least-squares and regularization

What if the polyhedron is empty?

If suitable regularity, polyhedrons are non-empty so there is a
Otherwise, least-squares to find "a best possible d”

Recall the polyhedral system

£O+(X)

Fi+Fld=0 ieF(x)U
ué (x) (5)
)
)

G+ Gjd=0 iegG(x)
Fi+Fld>0 ie& (x
Gi+Gld>0 ie& (x
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Bypassing regularity
0®00

Least-squares and regularization

What if the polyhedron is empty?

If suitable regularity, polyhedrons are non-empty so there is a
Otherwise, least-squares to find "a best possible

Recall the polyhedral system

Fi+Fld=0 ief(x)u£°+(x)

Gi+Gjd=0 ieg(x)uU (x) (5)
Fi+Fld>0 i€& (x)
Gi+Gd>0 ic&(x)

Formalism with weights

The £%F(x) U 88+( ) part, for ygor(x) € {0, 1}7 ) 5 =1 —
i(Fi(x) + Fi(x) )+%-(Gf( ) + Gi(x) )=0
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Bypassing regularity
feJe? Yol

Least-squares and regularization

L east-squares formulation

min q(x, d)/2,
alx,d) = > (Filx)+ F(x)d)> + > (Gi(x) + Gi(x)d)?
i€ F(x) i€G(x)
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Bypassing regularity
feJe? Yol

Least-squares and regularization

L east-squares formulation

min q(x, d)/2,
a6 d) = 3 (FE)+ D2+ 3 (Gi(x) + Gl(x)d)?
ie]—'(x) i€G(x)
+ S w(Fx) + FLx) D)2+ T(Gilx) + GL(x)d)? (6)
i€ (x )
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Bypassing regularity
feJe? Yol

Least-squares and regularization

L east-squares formulation

min q(x, d)/2,
qlx,d) = Y (Fi(x)+ F(x)d)?+ > (Gi(x) + G/(x)d)?
ie]—'(x) i€G(x)
3 (R + FLdR +7(Gi(x) + Glx)d)? (6)
i€ (x )
+ Z Yil(Fi(x) + F{(x)d) PP + 7 [(Gi(x) + G/(x)d) ]
ie€~(x)
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Bypassing regularity
feJe? Yol

Least-squares and regularization

L east-squares formulation

min q(x, d)/2,
alx,d) = > (Filx)+ F(x)d)> + > (Gi(x) + Gi(x)d)?
ie]—'(x) i€G(x)

£ Y R+ FRDP +(G00 + G )
i€ (x )

+ Z il(Fi(x) + F ()d) 12 + 7il(Gi(x) + G{(x)d) ]2
ie€~(x)

Twice the i € £7(X): e (x) € [0,1]° ) (see later).

Levenberg-Marquardt (LM) regularlzatlon - convex diff (not C1)

- T
min ox( )-—2[q(X7 )+Ad Sd], A>0,S=0  (7)
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Bypassing regularity
oooe

Least-squares and regularization

Least-squares formulation - goal

main elements

® (o, serves as a piecewise quadratic model of # at x

e ¢, always has a minimizer d even if the polyhedron is empty
e convex relaxation: F; and G; for i € £~ (x) U E%F(x)
® g(Ve0t(x), Ve (x)) = Vix(d = 0) has a descent property?

e is there a way to characterize stationarity of 6 via ¢, ?
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Least-squares formulation - goal

main elements

® (o, serves as a piecewise quadratic model of # at x

©x always has a minimizer d even if the polyhedron is empty
convex relaxation: F; and G; for i € £~ (x) U &%F(x)
g(Ve0+(x), Ve~ (x)) = Vix(d = 0) has a descent property?

is there a way to characterize stationarity of 6 via ¢, ?

Let [cot () = Diag(yeo+ (), Fe—(x) = Diag(ve- ()
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Bypassing regularity
oooe

Least-squares and regularization

Least-squares formulation - goal

main elements

® (o, serves as a piecewise quadratic model of # at x

©x always has a minimizer d even if the polyhedron is empty
convex relaxation: F; and G; for i € £~ (x) U &%F(x)

g(Ve0+(x), Ve~ (x)) = Vix(d = 0) has a descent property?

is there a way to characterize stationarity of 6 via ¢, ?

Let [cot () = Diag(yeo+ (), Fe—(x) = Diag(ve- ()
g(’}/) :VF]:(X)(X)TF_F(X)(X) + VGg(X)(X)TGg(X)(X)
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Bypassing regularity
oooe

Least-squares and regularization

Least-squares formulation - goal

main elements

® (o, serves as a piecewise quadratic model of # at x

e ¢, always has a minimizer d even if the polyhedron is empty
e convex relaxation: F; and G; for i € £~ (x) U E%F(x)
® g(Ve0t(x), Ve (x)) = Vix(d = 0) has a descent property?

e is there a way to characterize stationarity of 6 via ¢, ?

Let [cot () = Diag(yeo+ (), Fe—(x) = Diag(ve- ()

8(7) =V Fr) ()T Frix(x) + V Gg (x) T Gga (x)
[VF50+(X)(X) rgo+(x) + VGgo+(X)(X)Trgo-(x)]ng(X)(X)
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Bypassing regularity
oooe

Least-squares and regularization

Least-squares formulation - goal

main elements

® (o, serves as a piecewise quadratic model of # at x

e ¢, always has a minimizer d even if the polyhedron is empty
e convex relaxation: F; and G; for i € £~ (x) U E%F(x)
® g(Ve0t(x), Ve (x)) = Vix(d = 0) has a descent property?

e is there a way to characterize stationarity of 6 via ¢, ?

Let Tco+ () = Diag(vgo+(x)): Fe—(x) = Diag(ve-(x))
8(7) =VFr0(x) T Freg (%) + V Gg ()T Gy (x)
+ [VFeor (o ()T r50+(x)+VGgO+(x)( X) T g0t ()] Hegos () (%)
+ [VFe- (0 () TTe- () + VG- () (x) Tem ()] He— () (%)
(FS(X)(X) = HE(X)(X) = GE(X)(X))
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Technical choice of the weights

Outline

© Bypassing regularity

@ Technical choice of the weights
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Bypassing regularity
[o] TeIeYololele}

Technical choice of the weights

Computations

One wants 0'(x; —g(7eot (x), Ve (x))) < 0.
Let 74 1= g0+ (x), V= = Ve~ (x), [ + = Diag(y+), - = Diag(y-)
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Bypassing regularity
[o] TeIeYololele}

Technical choice of the weights

Computations

+ Heow () (%) T [min(=Fo (0 ()8 (745 7-), = Ggor () (¥)8 (715 7-))
+r+Fé'0+(x)(X)g(”/+, v-) + ry Ggo+(x)( x)g(v4,7-)]

<0
+ He— () () T [min(=Fi- (5 ()& (1, 7-), = G- () (x)&(7+,7-))
T Fe ()8 (7, 7=) + T G (0 (x)g (7 7-)]

<0
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[o] TeIeYololele}

Technical choice of the weights

Computations

One wants 0'(x; —g(7eot (x), Ve (x))) < 0.
Let vy 1= Yeot(x), V- = 7’ ~(x)» [+ = Diag(v4), I~ = Diag(v-)
0'(x; —g(v+:7-)) = —llg(v+, 7 )IP
+ Heow () (%) T [min(=Fo (0 ()8 (745 7-), = Ggor () (¥)8 (715 7-))
+r+Fé0+(x)(X)g( V+,7-) + r+GgO+( ) (x)g (74, 7-)]
<0
+ He— () () T [min(=Fi- (5 ()& (1, 7-), = G- () (x)&(7+,7-))
T Fe ()8 (7, 7=) + T G (0 (x)g (7 7-)]
<0

L ., _JAb—a)<0 ifa>b
min(—a, b)—i—’ya—&-’yb—{v(a_b)éo fa<h
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Technical choice of the weights

Computations

One wants 0'(x; —g(7eot (x), Ve (x))) < 0.
Let vy 1= Yeot(x), V- = 7’ ~(x)» [+ = Diag(v4), I~ = Diag(v-)
0'(x; —g(7+,7-)) = —llg (v 7)1
0> + H50+(x)(X)T[min(—Fé0+(x)(X)g( R go+(x)( x)g(7v+:7-))
+r+Fé0+(x)(X)g( V+,7-) + r+GgO+( ) (x)g (74, 7-)]
<0
0 < + He () () [min(—F- () (x)&g(14,7-), =Gy (¥)&(1+,7-))
T Fe () ()8 (74, 7=) + T G (0 (x)g (7 7-)]
<0

L _, _JAb—a)<0 ifa>b
min(—a, b)—i—’ya—&-’yb—{v(a_b)éo fa<h
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Bypassing regularity
00@00000

Technical choice of the weights

Comments on the weights

Observations:
e the term in £9F(x): always < 0;
e the term in £ (x): always > 0;

e but both intertwine since g(v,7-)

We present a way to have the > 0 be 0:

0'(x; ~g(1+:7-)) = ~llg(re )P =+ 0 < ~[lgl* < 0

The wrong choice of v_ can lead to 6'(x; —g(v+,7-)) > 0!

Baptiste Plaquevent-Jourdain

International Symposium on Mathematical Programming 2024

21-26 July 2024



Bypassing regularity
[o)e1e] Yololele}

Technical choice of the weights

Choosing correct weights

Lemma ((partial) Choice of the weights)
Let v, € [0,1]€" () be fixed. There exists a~_ (7. ) such that the
>0termis =0, ie, g = g(v+,7-(7+)) verifies
TRy ()87 (11)) = T G (X (4,7 (1))
= m'n(—Fgf(X)( X)& (14> 7= (14))s — G- (x) (X)& (Vs 7= (7+)))
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Technical choice of the weights

Choosing correct weights

Lemma ((partial) Choice of the weights)
Let v, € [0,1]€" () be fixed. There exists a~_ (7. ) such that the
>0termis =0, ie, g = g(v+,7-(7+)) verifies
TRy ()87 (11)) = T G (X (4,7 (1))
= m'n(—Fgf(X)( X)& (14> 7= (14))s — G- (x) (X)& (Vs 7= (7+)))

Quadratic equation since g(74,v-) is affine in ~y
Y+ = v—(7+) may be multl-valued, g(7+,7-(7+)) unchanged
E%(x) = @: no “control” from 7.

if g(7+,7-) = 0 for some ~_, trivial but not useful
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Bypassing regularity
[o)ele]eY Tolele}

Technical choice of the weights

[llustration of the lemma - 1

Level sets of ¢, with arbitrary weights v = (1/2,1/2)

21-26 July 20

International Symposium on Mathematical Programming 2024

Baptiste Plaquevent-Jourdain



Bypassing regularity
00000®00

Technical choice of the weights

[llustration of the lemma - 2

121 \‘}

0.8 [\
0.6
0.4}

0.2

Level sets of A. The grey dotted lines are the kinks.
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Bypassing regularity
000000®0

Technical choice of the weights

[llustration of the lemma - 3

|
raf z—tg(3,1))t>0

0.8

0.6

0.4 —

0.2

Level sets of p, with the weights given by the lemma.
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Bypassing regularity
0000000

Technical choice of the weights

Summary

e Generalization of the polyhedral system;
e £%(x) and £7(x) have different roles;

e convex combination(F;, G;) for the non-differentiable part.
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Bypassing regularity
0000000

Technical choice of the weights

Summary

e Generalization of the polyhedral system;
e £%(x) and £7(x) have different roles;

e convex combination(F;, G;) for the non-differentiable part.

Remaining questions

e ensure a descent property (g(7+,7-) # 0)
e stationarity of an iterate

® convergence
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@ Convergence
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Convergence
0®0000

Stationarity detection with the weights

Proposition (characterizing stationarity)
The following properties are equivalent:

1) x is O-stationary,
2) for any v € [0, 1]50+(X), let a v_(+) be given by the lemma,
one has g(7+,7-(7+)) = 0.

(Lineasearch: partition of £9%(x) < 7. € {0, 1}5°+(X)_)
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Convergence
©00®000

An iteration of the algorithm

Algorithm Substep for  then usual LM substeps

[ary

Test: xX is stationary or obtain a suitable

2: Weights computation: obtain v_ (7 )

3: Get d(\) = arg ming ¢« (d) using A\, v+, 7—, Sk+1
4: while Descent condition not satisfied do

5. increase A\ and recompute d(\)

6: end while

7: Update x**1 = xk + d(\) (and Ski1)

8: if Stronger descent condition is satisfied then

9:  decrease A

10: end if

Main costs: ., 7—(7+) (once per k), especially d()).
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Convergence
000®00

Convergence properties

Proposition (sufficient decrease)

1) die(N)/ NI, = ~Sctai/lIS gl
2) for X\ large enough, the descent condition holds

A

Theorem (Convergence)

Let (xx, Ak, Sk) be a sequence generated by algorithm 1.
1) The sequence (0(xk))x decreases thus converges.
2) For any subsequence such that (F'(xx), G'(xk), A\kSk) is
bounded, gx — 0

.

But no info on the type of the limit point.
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Convergence
0000e0

Example of an undesirable limit point

Consider a simple example with

mcb

Counter-example
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Convergence

000080

Example of an undesirable limit point

Consider a simple example with

L Counter-example
First iterates, convergence to x = 1. The P

black curves are the quadratic models ¢,.
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Convergence
ooooo0e

Conclusion

© involved/heavy computations;

© limited results

¢ weak assumptions

e <& improvements in sight (—7)

Next: convergence with 7, understanding ~,,~v_, full algorithm...
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Convergence
ooooo0e

Conclusion

© involved/heavy computations;

© limited results

& weak assumptions

e <& improvements in sight (—7)

Next: convergence with 7, understanding ~,,~v_, full algorithm...

Thanks for your attention! Any questions?
(or let's go enjoy the coffee break!)
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Details on the counter-example - 1

At point x =1, F(1) =1 = G(1),
£ (x) =2,8%(x) =
F'(1)=1,G'(1)=0

(x =1 is not regular)

mcb

Counter-example
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Details on the counter-example

At point x =1, F(1) =1 = G(1),
£ (x) =2,8%(x) =
F'(1)=1,G'(1)=0

(x =1 is not regular)

G
g(r) =re x L
F(1)
+ (T —4) % O 6
G'(1) H

— A

=7+

Counter-example
descent towards x € [0,1] if 7, >0
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Details on the counter-example - 2

But if x¥ > 1 for all k, the framework is not used.
With some simple framework for T,

Ty x5l Ty T

L ——— ——
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Usefulness of the lemma - 1

Consider the following example in R?, x = [1;1], for § > 0 “small”

F1(X)ZX1—2 Gl(X): 1—2X1
Fo(x)=xx—1—-3  G(x)=2x—2—-0

Clearly, F1(x) = =1 = Gi(x), Fo(x) = —0 = Ga(x),E~(x) = {1,2}

g(7) = (=1)[ner — 27 e1] + (=9)[r2€2 + 27, €]
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Usefulness of the lemma - 1

Consider the following example in R?, x = [1;1], for § > 0 “small”

F1(X)ZX1—2 Gl(X): 1—2X1
Fo(x)=xx—1—-3  G(x)=2x—2—-0

Clearly, F1(x) = =1 = Gi(x), Fo(x) = —0 = Ga(x),E~(x) = {1,2}
g(7) = (-1)[me — 2m1a] + (=6)[2e2 + 272e2].

For instance, g(1/2,1/2) =[1/2;-3/2], and

0'(x; —g) = (=1) min((—g)1, —2(—g)1) — d min((—g)2,2(~g)2)
= —min(—1/2,1) — d min(35/2,60/2)
1 3

=2-25°>0
2 2
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Usefulness of the lemma - 2

Level sets of ¢, with arbitrary weights v = (1/2,1/2).
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Usefulness of the lemma - 3

Appendices

00000@0000000

121 \‘}

0.8 [\
0.6
0.4}

0.2

Function 6. The grey dotted lines are the kinks.
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Usefulness of the lemma - 4

Observe that v1 = 2/3,7,2 = 1 solves the lemma:

g(2/3,1) = (~1) [3 . <1 - i)} e1 — 0[1+2(1 — 1)]es = —des
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Usefulness of the lemma - 4

Observe that v1 = 2/3,7,2 = 1 solves the lemma:

2 2
g(2/3,1) = (-1) [3 —2 <1 - 3” e1 — 01 +2(1 — 1)]er = —be
and the lemma’s equation reads

{3{( g)+3(-2e)T(~g)  =min(ef(~g),(—2e1)T(~g))
Ix el(~g) £ 0x (262)T(~g) = min(e](~g).(2e:) (~&))

which simplifies into
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Usefulness of the lemma - 5
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0.6

0.4

0.2

z—tg(3,1))t>0

Level sets of p, with the weight given by the lemma.

Baptiste Plaquevent-Jourdain

International Symposium on Mathematical Programming 2024 21-

July 2024 33/



Appendices
00000000 ®0000

Usefulness of the lemma - 6

0.6

0.4

Function 6. The grey dotted lines are the kinks.
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Obtaining the weights - main idea

Finding a ~ such that g(~+,7-(7+)) # 0 (or stationarity).

~  max min |lg(74,7-)I1/2
7+€[0,1]8°F ()y_ef0,1]E ™)

where g(v4,7-) = go + My + M.
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Obtaining the weights - main idea

Finding a ~ such that g(~+,7-(7+)) # 0 (or stationarity).

~  max min |lg(74,7-)I1/2
7+€[0,1]8°F ()y_ef0,1]E ™)

where g(v4,7-) = go + My + M.

The outer max is for a convex function on a hypercube:
combinatorial nature

0 .l
(so ~ {0,1}¢"" () and partitions).
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Obtaining the weights - illustration

Constant term gp.
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Obtaining illustration

go+ M.[0,1 @)

90

-1

Constant term gp. "Range” when adding only the ~, .
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Obtaining the weights - illustration

go+ M.[0,1 @)

90

go+ M_[0,1]°

-1

Constant term gy. "Range” when adding only the .. Or only the ~_.
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Obtaining the weights - illustration

go+ M.[0,1 @)
4
90
e
2
go+ M_[0,1F
1,
(g=)0
4 -3 -2 -1 ] 1 2 3 4 5

Constant term gy. "Range” when adding only the .. Or only the ~_.
"Range"” with both.
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Obtaining the weights - illustration

go+ M.[0,1 @)

90

{7137, 9(rv0) = 0}

go+ M_[0,1F

Constant term gy. "Range” when adding only the .. Or only the ~_.
"Range” with both. Specific v, such that g(v,,7-) =0.
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Obtaining the weights - illustration

go+ M.[0,1 @)

{7137, 9(rv0) = 0}

1
I
’ 2 1
4 1
,
’ I
’ 1
‘ 1 7
1 ’
! Z
1 fg=)0
4 13 = =i L 1 2 3 4 5
I
1

Constant term gy. "Range” when adding only the .. Or only the ~_.
"Range” with both. Specific v, such that g(v,,~v-) = 0. Illustration of
g(7+,7-) = 0 being reachable.
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Obtaining the weights - illustration

go+ M.[0,1 @)
4
90
[P S A
P (s 3 9(reyn) = 0}
4 |
4
’ 2 ]
4 I
P |
7’ I
‘ 1 /
1 /
1 7/
h (g9=)0
T

Constant term gy. "Range” when adding only the .. Or only the ~_.
"Range” with both. Specific v, such that g(v,,~v-) = 0. Illustration of
g(7+,7-) = 0 being reachable.
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Obtaining the weights - illustration

go+ M.[0,1 @)

S

e
&
1
®
!
1 °
~
®
IS
o

Constant term gy. "Range” when adding only the .. Or only the ~_.
"Range” with both. Specific v, such that g(v,,~v-) = 0. Illustration of
g(7+,7-) = 0 being reachable.
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Obtaining the weights - projection framework

Observe that the lemma's equation reads, with g = gy + M_~_
and M_ = (VFg—(X) - VGg—(X))Diag(HS—(X))

T Fe (08 — T-Ge- ()& = min(—Fz- &, —Ge- (&)
[ Fe (08 + T Ge (8 = max(Fg— (8, Gg—(,08)
T (Fé-(x) = Ge-(x))8 = max((Fz- () — G¢-(x))8,0)
r M'g=min(M'g,0)
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Obtaining the weights - projection framework

Observe that the lemma's equation reads, with g = gy + M_~_
and M_ = (VFg—(X) - VGg—(X))Diag(HS—(X))
T Fe (08 — T-Ge- ()& = min(—Fz- &, —Ge- (&)
[ Fe (08 + T Ge (8 = max(Fg— (8, Gg—(,08)
T (Fé-(x) = Ge-(x))8 = max((Fz- () — G¢-(x))8,0)
r M'g=min(M'g,0)

(MTg); >0 and~; =0
( T)<0 and v =1
(MTg); =0 and~; €[0,1]

This is a reformulation of PM_[O,l]S’(X) (g0 + Mivy)
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Obtaining the weights - projection illustrated

“max{go+ Myy,,0 <5, < 1)

N minfgoHM oy, M 4 0<y <1}

Projection (after a change of variables). The top left teal point is the
furthest from the magenta zone. (Zonotope/combinatorial geometry)
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