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Jean Charles Gilbert, INRIA Paris

July, 25th, 2024

Baptiste Plaquevent-Jourdain International Symposium on Mathematical Programming 2024 21-26 July 2024 1 / 38



Problem setting Polyhedral approach Bypassing regularity Convergence References Appendices

Outline

1 Problem setting

2 Polyhedral approach

3 Bypassing regularity
Least-squares and regularization
Technical choice of the weights

4 Convergence

5 Appendices

Baptiste Plaquevent-Jourdain International Symposium on Mathematical Programming 2024 21-26 July 2024 1 / 38



Problem setting Polyhedral approach Bypassing regularity Convergence References Appendices

Outline

1 Problem setting

2 Polyhedral approach

3 Bypassing regularity
Least-squares and regularization
Technical choice of the weights

4 Convergence

5 Appendices

Baptiste Plaquevent-Jourdain International Symposium on Mathematical Programming 2024 21-26 July 2024 1 / 38



Problem setting Polyhedral approach Bypassing regularity Convergence References Appendices

Complementarity Problems

General form [FP03]
F ,G : Rn 7→ Rn smooth vector functions,

find x ∈ Rn s.t. : F (x) ≥ 0,G(x) ≥ 0,F (x)TG(x) = 0
⇔ 0 ≤ F (x)⊥G(x) ≥ 0.

(1)

Other forms/expressions exist:
• F or G is the identity (G(x) = x), 0 ≤ F (x) ⊥ x ≥ 0.
• Linear Complementarity Problem [CPS92]

0 ≤ x ⊥ (Mx + q) ≥ 0. (2)
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Reformulation trick: C-functions

The min C-function
One can reformulate (1) as finding x ∈ Rn such that

Hmin(x) := min(F (x),G(x)) = (min(Fi (x),Gi (x)))i∈[1:n] = 0. (3)

C-function: (1) ⇔ H(x) = 0, system of nonsmooth equations.

Another C-function is Fischer-Burmeister

ϕFB(Fi (x),Gi (x)) : =
√

Fi (x)2 + Gi (x)2 − (Fi (x) + Gi (x))
HFB(F (x),G(x)) = (ϕFB(Fi (x),Gi (x)))i∈[1:n] = 0

(4)

(Many variants of ϕFB, parameter-based families...)
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Comparison - 1

Minimum vs FB

Hmin(F ,G) HFB(F ,G)
formula(F ,G) piecewise linearX nonlinear

differentiable? not if Fi (x) = Gi (x), everywhere outside
F ′i (x) 6= G ′i (x) Fi (x) = 0 = Gi (x) X
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Semismooth Newton Method (SNM)

Adaptation of Newton’s method to obtain fast local convergence.

General framework (Hmin,HFB)
• k = 0, x0 ∈ Rn, loop over k
• if H(xk) = 0, stop
• solve H(xk) + A(xk , dk) = 0; A(xk , ·) replaces “H ′(xk)”
• xk+1 = xk + dk

For instance, A(xk , dk) = Jdk for some J ∈ ∂H(xk).
With regularity assumptions to ensure each Jacobian is nonsingular.
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Comparison - 2

Minimum vs FB
Hmin(F ,G) HFB(F ,G)

formula(F ,G) piecewise linear X nonlinear

differentiable? not if Fi (x) = Gi (x), everywhere outside
F ′i (x) 6= G ′i (x) Fi (x) = 0 = Gi (x) X

SNM local if ∀ J ∈ ∂Hmin(x∗), J if ∀ J ∈ ∂HFB(x∗)[∗], J
convergence nonsingular: quadratic nonsingular: quadratic
bonus finite if F , G affine much more studied

[∗] But actually, more complicated to verify for ∂HFB(x∗).
ϕFB ”concentrates” the nondifferentiability in (0, 0).
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Towards globalization

What about finding a suitable first iterate? → globalization
Use of a merit function θ = 1

2HTH = ||H||2/2.

Focus of the talk:
convergence and globalization properties using Hmin

Inspired from a polyhedral approach [DFG19] with linesearch.
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The basic Newton-min algorithm

smooth
{
F(x) := {i : Fi (x) < Gi (x)},
G(x) := {i : Fi (x) > Gi (x)},

(maybe) nonsmooth
{
E(x) := {i : Fi (x) = Gi (x)}.

The equality indices E(x) are partitioned into
E(x) = EF (x) ∪ EG(x), then

d(x) solution of
{

(F (x) + F ′(x)d)F(x)∪EF (x) = 0
(G(x) + G ′(x)d)G(x)∪EG(x) = 0

• quite simple and can be very efficient;
• some theoretical convergence difficulties;
• which partition is essential; wrong choice can increase θ.
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Local treatment

(F + F ′d)F(x) = 0, (G + G ′d)G(x) = 0, ’(x)’ dropped

θ′(x ; d) : =
∑

i∈F(x)
Fi F ′i d +

∑
i∈G(x)

Gi G ′i d +
∑

i∈E(x)
Hi min(F ′i d ,G ′i d)

= −2θ(x)︸ ︷︷ ︸
smooth

+
∑

i∈E(x)
Hi (min(Fi + F ′i d ,Gi + G ′i d))︸ ︷︷ ︸

nonsmooth

Let E0+(x) := {i : Fi = Gi ≥ 0} and E−(x) := {i : Fi = Gi < 0},
E0+
F (x) ∪ E0+

G (x) be a partition of E0+(x): polyhedron in d


Fi + F ′i d = 0 i ∈ F(x) ∪ E0+

F (x)
Gi + G ′i d = 0 i ∈ G(x) ∪ E0+

G (x)
Fi + F ′i d ≥ 0 i ∈ E−(x)
Gi + G ′i d ≥ 0 i ∈ E−(x)

⇒ θ′(x ; d) ≤ −2θ(x)
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From local to global

Key steps of the polyhedral linesearch version
• near a negative kink, Fi (x) . Gi (x), Fi used
• but in x + d , it may be Gi (x + d) . Fi (x + d)
• Fi (x) = Gi (x)→ |Fi (x)− Gi (x)| ≤ τ for τ > 0 small
• regularity assumptions for ∃ d bounded
• global convergence obtained with linesearch
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Least-squares and regularization

What if the polyhedron is empty?

If suitable regularity, polyhedrons are non-empty so there is a d .
Otherwise, least-squares to find ”a best possible d”.

Recall the polyhedral system
Fi + F ′i d = 0 i ∈ F(x) ∪ E0+

F (x)
Gi + G ′i d = 0 i ∈ G(x) ∪ E0+

G (x)
Fi + F ′i d ≥ 0 i ∈ E−(x)
Gi + G ′i d ≥ 0 i ∈ E−(x)

(5)

Formalism with weights

The E0+
F (x) ∪ E0+

G (x) part, for γE0+(x) ∈ {0, 1}E
0+(x), γ i := 1− γi

γi (Fi (x) + F ′i (x)d) + γ i (Gi (x) + G ′i (x)d) = 0
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Least-squares and regularization

Least-squares formulation

min
d∈Rn

q(x , d)/2,

q(x , d) =
∑

i∈F(x)
(Fi (x) + F ′i (x)d)2 +

∑
i∈G(x)

(Gi (x) + G ′i (x)d)2

+
∑

i∈E0+(x)
γi (Fi (x) + F ′i (x)d)2 + γ i (Gi (x) + G ′i (x)d)2

+
∑

i∈E−(x)
γi [(Fi (x) + F ′i (x)d)−]2 + γ i [(Gi (x) + G ′i (x)d)−]2

(6)

Twice the i ∈ E−(x): γE−(x) ∈ [0, 1]E−(x) (see later).
Levenberg-Marquardt (LM) regularization - convex diff (not C1)

min
d∈Rn

ϕx (d) := 1
2[q(x , d) + λdTSd ], λ ≥ 0,S � 0 (7)
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Least-squares and regularization

Least-squares formulation - goal

main elements
• ϕx serves as a piecewise quadratic model of θ at x
• ϕx always has a minimizer d even if the polyhedron is empty
• convex relaxation: Fi and Gi for i ∈ E−(x) ∪ E0+(x)
• g(γE0+(x), γE−(x)) := ∇ϕx (d = 0) has a descent property?
• is there a way to characterize stationarity of θ via ϕx ?

Let ΓE0+(x) = Diag(γE0+(x)), ΓE−(x) = Diag(γE−(x))

g(γ) =∇FF(x)(x)TFF(x)(x) +∇GG(x)(x)TGG(x)(x)
+ [∇FE0+(x)(x)TΓE0+(x) +∇GE0+(x)(x)TΓE0+(x)]HE0+(x)(x)
+ [∇FE−(x)(x)TΓE−(x) +∇GE−(x)(x)TΓE−(x)]HE−(x)(x)

(FE(x)(x) = HE(x)(x) = GE(x)(x))
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Technical choice of the weights

Computations

One wants θ′(x ;−g(γE0+(x), γE−(x))) ≤ 0.
Let γ+ := γE0+(x), γ− := γE−(x), Γ+ = Diag(γ+), Γ− = Diag(γ−)

θ′(x ;−g(γ+, γ−)) = −||g(γ+, γ−)||2

0 ≥ + HE0+(x)(x)T[min(−F ′E0+(x)(x)g(γ+, γ−),−G ′E0+(x)(x)g(γ+, γ−))
+Γ+F ′E0+(x)(x)g(γ+, γ−) + Γ+G ′E0+(x)(x)g(γ+, γ−)]︸ ︷︷ ︸

≤0

0 ≤ + HE−(x)(x)T[min(−F ′E−(x)(x)g(γ+, γ−),−G ′E−(x)(x)g(γ+, γ−))
+Γ−F ′E−(x)(x)g(γ+, γ−) + Γ−G ′E−(x)(x)g(γ+, γ−)]︸ ︷︷ ︸

≤0

min(−a,−b) + γa + γb =
{
γ(b − a) ≤ 0 if a ≥ b
γ(a − b) ≤ 0 if a ≤ b .
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Technical choice of the weights

Comments on the weights

Observations:
• the term in E0+(x): always ≤ 0;
• the term in E−(x): always ≥ 0;
• but both intertwine since g(γ+, γ−)

We present a way to have the ≥ 0 be 0:

θ′(x ;−g(γ+, γ−)) = −||g(γ+, γ−)||2 − · · ·+ 0 ≤ −||g ||2 ≤ 0

The wrong choice of γ− can lead to θ′(x ;−g(γ+, γ−)) ≥ 0!
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Technical choice of the weights

Choosing correct weights

Lemma ((partial) Choice of the weights)

Let γ+ ∈ [0, 1]E0+(x) be fixed. There exists a γ−(γ+) such that the
≥ 0 term is = 0, i.e., g = g(γ+, γ−(γ+)) verifies

− Γ−F ′E−(x)(x)g(γ+, γ−(γ+))− Γ−G ′E−(x)(x)g(γ+, γ−(γ+))
= min(−F ′E−(x)(x)g(γ+, γ−(γ+)),−G ′E−(x)(x)g(γ+, γ−(γ+)))

• Quadratic equation since g(γ+, γ−) is affine in γ
• γ+ ⇒ γ−(γ+) may be multi-valued, g(γ+, γ−(γ+)) unchanged
• E0+(x) = ∅: no “control” from γ+

• if g(γ+, γ−) = 0 for some γ−, trivial but not useful
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Technical choice of the weights

Illustration of the lemma - 1

Level sets of ϕx with arbitrary weights γ = (1/2, 1/2).
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Technical choice of the weights

Illustration of the lemma - 2

Level sets of θ. The grey dotted lines are the kinks.

Baptiste Plaquevent-Jourdain International Symposium on Mathematical Programming 2024 21-26 July 2024 18 / 38



Problem setting Polyhedral approach Bypassing regularity Convergence References Appendices

Technical choice of the weights

Illustration of the lemma - 3

Level sets of ϕx with the weights given by the lemma.
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Technical choice of the weights

Summary

• Generalization of the polyhedral system;
• E0+(x) and E−(x) have different roles;
• convex combination(Fi ,Gi ) for the non-differentiable part.

Remaining questions
• ensure a descent property (g(γ+, γ−) 6= 0)
• stationarity of an iterate
• convergence
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Stationarity detection with the weights

Proposition (characterizing stationarity)
The following properties are equivalent:
1) x is θ-stationary,
2) for any γ+ ∈ [0, 1]E0+(x), let a γ−(γ+) be given by the lemma,

one has g(γ+, γ−(γ+)) = 0.

(Lineasearch: partition of E0+(x)⇔ γ+ ∈ {0, 1}E
0+(x).)
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An iteration of the algorithm

Algorithm Substep for γ then usual LM substeps
1: Test: xk is stationary or obtain a suitable γ+
2: Weights computation: obtain γ−(γ+)
3: Get d(λ) = arg mind ϕxk (d) using λ, γ+, γ−, Sk+1
4: while Descent condition not satisfied do
5: increase λ and recompute d(λ)
6: end while
7: Update xk+1 = xk + d(λ) (and Sk+1)
8: if Stronger descent condition is satisfied then
9: decrease λ

10: end if

Main costs: γ+, γ−(γ+) (once per k), especially d(λ).
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Convergence properties

Proposition (sufficient decrease)

1) dk(λ)/||dk(λ)|| →
λ→+∞

−S−1
k gk/||S−1

k g ||
2) for λ large enough, the descent condition holds

Theorem (Convergence)
Let (xk , λk , Sk) be a sequence generated by algorithm 1.
1) The sequence (θ(xk))k decreases thus converges.
2) For any subsequence such that (F ′(xk),G ′(xk), λkSk) is

bounded, gk → 0

But no info on the type of the limit point.
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Example of an undesirable limit point
Consider a simple example with
n = 1, F (x) = x ,
G(x) = 1 + (x − 1)2, x0 = 3/2.

For x ∈ (1, 2), F (x) 6= G(x).

First iterates, convergence to x = 1. The
black curves are the quadratic models ϕx .

Counter-example
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Conclusion

• 	 involved/heavy computations;
• 	 limited results
• ⊕ weak assumptions
• ⊕ improvements in sight (→τ)

Next: convergence with τ , understanding γ+, γ−, full algorithm...

Thanks for your attention! Any questions?
(or let’s go enjoy the coffee break!)
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Details on the counter-example - 1

At point x = 1, F (1) = 1 = G(1),
E−(x) = ∅, E0+(x) = {1},
F ′(1) = 1,G ′(1) = 0
(x = 1 is not regular)

g(γ+) = γ+ × 1︸︷︷︸
F ′(1)

+ (1− γ+)× 0︸︷︷︸
G ′(1)

= γ+

descent towards x ∈ [0, 1] if γ+ > 0
Counter-example
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Details on the counter-example - 2

But if xk > 1 for all k, the framework is not used.
With some simple framework for τ ,
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Usefulness of the lemma - 1
Consider the following example in R2, x = [1; 1], for δ > 0 “small”

F1(x) = x1 − 2 G1(x) = 1− 2x1
F2(x) = x2 − 1− δ G2(x) = 2x2 − 2− δ

Clearly, F1(x) = −1 = G1(x),F2(x) = −δ = G2(x), E−(x) = {1, 2}

g(γ) = (−1)[γ1e1 − 2γ1e1] + (−δ)[γ2e2 + 2γ2e2].

For instance, g(1/2, 1/2) = [1/2;−3/2], and

θ′(x ;−g) = (−1) min((−g)1,−2(−g)1)− δmin((−g)2, 2(−g)2)
= −min(−1/2, 1)− δmin(3δ/2, 6δ/2)

= 1
2 −

3
2δ

2 > 0
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Usefulness of the lemma - 2

Level sets of ϕx with arbitrary weights γ = (1/2, 1/2).

Baptiste Plaquevent-Jourdain International Symposium on Mathematical Programming 2024 21-26 July 2024 30 / 38



Problem setting Polyhedral approach Bypassing regularity Convergence References Appendices

Usefulness of the lemma - 3

Function θ. The grey dotted lines are the kinks.
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Usefulness of the lemma - 4

Observe that γ1 = 2/3, γ2 = 1 solves the lemma:

g(2/3, 1) = (−1)
[2

3 − 2
(

1− 2
3

)]
e1 − δ[1 + 2(1− 1)]e2 = −δe2

and the lemma’s equation reads{
2
3eT

1 (−g) + 1
3(−2e1)T(−g) = min(eT

1 (−g), (−2e1)T(−g))
1× eT

2 (−g) + 0× (2e2)T(−g) = min(eT
2 (−g), (2e2)T(−g))

which simplifies into

2
3 × 0 + 1

3 × 0 = min(0, 0)
δ = min(δ, 2δ)
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Usefulness of the lemma - 5

Level sets of ϕx with the weight given by the lemma.
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Usefulness of the lemma - 6

Function θ. The grey dotted lines are the kinks.
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Obtaining the weights - main idea

Goal
Finding a γ+ such that g(γ+, γ−(γ+)) 6= 0 (or stationarity).

' max
γ+∈[0,1]E0+(x)

min
γ−∈[0,1]E−(x)

||g(γ+, γ−)||2/2

where g(γ+, γ−) = g0 + M+γ+ + M−γ−.

The outer max is for a convex function on a hypercube:
combinatorial nature
(so ; {0, 1}E0+(x) and partitions).
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Obtaining the weights - illustration

Constant term g0. ”Range” when adding only the γ+. Or only the γ−.
”Range” with both. Specific γ+ such that g(γ+, γ−) = 0. Illustration of
g(γ+, γ−) = 0 being reachable.
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Obtaining the weights - projection framework

Observe that the lemma’s equation reads, with g = g1 + M−γ−
and M− = (∇FE−(x) −∇GE−(x))Diag(HE−(x))

−Γ−F ′E−(x)g − Γ−G ′E−(x)g = min(−F ′E−(x)g ,−G ′E−(x)g)
Γ−F ′E−(x)g + Γ−G ′E−(x)g = max(F ′E−(x)g ,G

′
E−(x)g)

Γ−(F ′E−(x) − G ′E−(x))g = max((F ′E−(x) − G ′E−(x))g , 0)

Γ−MT
−g = min(MT

−g , 0)
(MT
−g)i > 0 and γi = 0

(MT
−g)i < 0 and γi = 1

(MT
−g)i = 0 and γi ∈ [0, 1]

This is a reformulation of PM−[0,1]E−(x)(g0 + M+γ+)

Baptiste Plaquevent-Jourdain International Symposium on Mathematical Programming 2024 21-26 July 2024 37 / 38



Problem setting Polyhedral approach Bypassing regularity Convergence References Appendices

Obtaining the weights - projection framework
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Obtaining the weights - projection illustrated

Projection (after a change of variables). The top left teal point is the
furthest from the magenta zone. (Zonotope/combinatorial geometry)
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