Hyperplane Arrangements and Matroids
for Linear Complementarity Problems

Computing the B-differential of the
Componentwise Minimum of Affine Functions

Baptiste Plaguevent-Jourdain, with
Jean-Pierre Dussault, Université de Sherbrooke
Jean Charles Gilbert, INRIA Paris

May, 29 2023

Baptiste Plaquevent-Jourdain 2023 Optimization Days 05/29/2023 1/26



Outline

© Overview
© Underlying problem
© An algorithm for arrangements

@ 'mprovements and results

Baptiste Plaquevent-Jourdain 2023 Optimization Days



Overview
©0000000

Plan

© Overview

2023 Optimization Days



Overview
0®000000

Systems of smooth nonlinear equations

General problem:
Find a point x, € R™: F(x,) =0, with F : R” — R"” smooth

X0 near X,
F eci,
F’(x.) non-singular
quadratic
convergence

lllustration of Newton's method in 1D
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Nonsmooth equations

Harder problem:
Find a poind x, € R": F(x.) =0, with F : R” — R" nonsmooth

Xp near Xy,
F semismooth,
all J € "F'(x.)"
non-singular
!
quadratic
convergence

Kummer's counter-example to Newton; in the
nonsmooth case the Jacobian might not be defined.
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Remedy: semismooth Newton's method

Adaptation of the usual method for this difficulty ([Qi93; QS93])
Replaces F’(xx) with a "generalized Jacobian” Jj

Algorithm's sketch
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Remedy: semismooth Newton's method

Adaptation of the usual method for this difficulty ([Qi93; QS93])
Replaces F’(xx) with a "generalized Jacobian” Jj

Algorithm's sketch

o take xp € R" (near x)
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Remedy: semismooth Newton's method

Adaptation of the usual method for this difficulty ([Qi93; QS93])
Replaces F’(xx) with a "generalized Jacobian” Jj

Algorithm's sketch

o take xp € R" (near x)

e fork =12, ..., solve F(xx) + Jxdx = 0 for &, with
Jx € 0sF(xk): OgF is the Bouligand differential
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Remedy: semismooth Newton's method

Adaptation of the usual method for this difficulty ([Qi93; QS93])
Replaces F’(xx) with a "generalized Jacobian” Jj

Algorithm's sketch

o take xp € R" (near x)

e fork =12, ..., solve F(xx) + Jxdx = 0 for &, with
Jx € 0sF(xk): OgF is the Bouligand differential

e then xyi1 = xx + (ak)ék
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Generalized derivatives

differential

OpF(x)={JeR™": 3 (xk)k — x, F'(xx) = J} (1)

—x/2 if x<0
—X if x>0
OgF(0) ={-1/2,-1}. z

Example: F(x) =

OeF(x) C 0gFi(x) X -+ x OgFp(x) (sometimes =)
——

=77 H: easy

3 other differentials: Clarke, Mordukhovich, 2nd order...
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Linear Complementarity Problems

General form [CPS92; FP03]

A BeR™ a beR", — A(x)=Ax+a,B(x)=Bx+b
0<(Ax+a) L(Bx+b)>0« (2)
Vi, Ai.x+a; > 0,Bi.x+ b > 0,(A;.x+ a;)(Bi.x + bj) =0
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Linear Complementarity Problems

General form [CPS92; FP03]

A BeR™ a beR", — A(x)=Ax+a,B(x)=Bx+b
0<(Ax+a) L(Bx+b)>0« (2)
Vi, Ai.x+a; > 0,Bi.x+ b > 0,(A;.x+ a;)(Bi.x + bj) =0

Remark: v >0,v > 0,uv =0 < min(u,v) =0
(2) & Vi, Fi(x) := min(A;(x), Bi(x)) =0« F(x) =0
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Summary

Minimum function on LCPs = semismooth system
Adapted Newton requires info on 95 min(A, B)(-) = dsF(")
Or to form 9. min(A, B)(-).

One Jg € 95F : [Qi93]

One J- € 0. F : [CX11]
But all of them?
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Upcoming plan

The main question

Determine generalized Jacobians of
x — F(x) = min(Ax + a, Bx + b)

e their structure
e finite (but exponential) number of elements

e how to compute them
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Underlying problem
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Computing the B-differential

f,g € C: min(f(x), g(x)) diff & f(x) # g(x) or f'(x) = g'(x).
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Computing the B-differential

f,g € C: min(f(x), g(x)) diff & f(x) # g(x) or f'(x) = g'(x).

Important: F is piecewise affine: F’ is piecewise constant. )
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Underlying problem
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Computing the B-differential

f,g € C: min(f(x), g(x)) diff & f(x) # g(x) or f'(x) = g'(x).

Important: F is piecewise affine: F’ is piecewise constant. )
Ai,: = Bi,: Al',i = Biz:
Aix+aj < Bix+b =VJedsF(x),Ji. = Ai.:
A,‘7;X +a > B,'7;X + b; Bi,:
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Computing the B-differential

f,g € C: min(f(x), g(x)) diff & f(x) # g(x) or f'(x) = g'(x).

Important: F is piecewise affine: F’ is piecewise constant. )
Ai,: — Bi,: Ai,: — Bi,:
Ai,:X +a < Bi,lX + b =VJe aBF(X), J,"; = Ai#
A,‘7;X +a > B,'7;X + b; B,'y;

I(x):={ie[l:n:Ax+a =Bji.x+bj,Ai.#B}|lx)=p
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Computing the B-differential

f,g € C: min(f(x), g(x)) diff & f(x) # g(x) or f'(x) = g'(x).

Important: F is piecewise affine: F’ is piecewise constant. )
Ai,: — Bi,: Ai,: — Bi,:
Ai,:X +a < Bi,lX + b =VJe aBF(X), J,"; = Ai#
A,‘7;X +a > B,'7;X + b; B,'y;

I(x):={ie[l:n:Ax+a =Bji.x+bj,Ai.#B}|lx)=p

min(.A, B) non-diff < affine terms equal < hyperplanes
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Computing the B-differential

f,g € C: min(f(x), g(x)) diff & f(x) # g(x) or f'(x) = g'(x).

Important: F is piecewise affine: F’ is piecewise constant. )
Ai,: — Bi,: Ai,: — Bi,:
Ai,:X +a < Bi,lX + b =VJe aBF(X), J,"; = Ai#
A,‘7;X +a > B,'7;X + b; B,'y;

I(x):={ie[l:n:Ax+a =Bji.x+bj,Ai.#B}|lx)=p
min(.A, B) non-diff < affine terms equal < hyperplanes
R"=H UH;UH', H " ={xcR":v[x <,>0}
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Computing the B-differential

f,g € C: min(f(x), g(x)) diff & f(x) # g(x) or f'(x) = g'(x).

Important: F is piecewise affine: F’ is piecewise constant.

J

A,‘; = B,'; Ai,: = Bi,:
A,'y;X +a < B;V:X +b =VJe aBF(X), J,"; = Ai#
A,‘7;X +a > B,'7;X + b; B,'y;

I(x):={ie[l:n:Ax+a =Bji.x+bj,Ai.#B}|lx)=p

min(.A, B) non-diff < affine terms equal < hyperplanes
R"=H UH;UH', H " ={xcR":v[x <,>0}

Hyperplanes H; := (B;. — A;.)* := vi* ; for Og's def, R"\ U H;
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Underlying problem
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Computing the B-differential

f,g € C: min(f(x), g(x)) diff & f(x) # g(x) or f'(x) = g'(x).

Important: F is piecewise affine: F’ is piecewise constant.

J

A,‘; = B,'; Ai,: = Bi,:
A,'y;X +a < B;V:X +b =VJe aBF(X), J,"; = Ai#
A,‘7;X +a > B,'7;X + b; B,'y;

I(x):={i€[l:n:A.x+a =B x+bA.#Bi}l(x)=p
min(.A, B) non-diff < affine terms equal < hyperplanes
R"=H UH;UH', H " ={xcR":v[x <,>0}
Hyperplanes H; := (B;. — A;.)* := vi* ; for Og's def, R"\ U H;
H-or Hf ,Vie[l:p]: Hf & Ji. = Ai., H- & J;. = B;.
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Underlying problem
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Directions and hyperplanes - 1
V = [V1 Vo V3] = [e1 e €1+ 62]

H, '

Red, blue, black: H; and v;. In magenta, points of the form
x + txd, tx \( 0. The points remain on the same sides of the hyperplanes
along k: the J is constant; no need for sequences, points are sufficient.
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Directions and hyperplanes - 2

—++ 4

€3 ,(

,/ er+e

—— ,,’

z o H,

Hj
——— +—+
+__

Vi€ [l:p], 2 possibilities: maximum of 2P Jacobians. Here, 6 among
the 23 = 8 possible Jacobians exist in 9z F

Baptiste Plaquevent-Jourdain 2023 Optimization Days 05/29/2023 1/



Underlying problem
0000®00

Directions and h

Hy

In the grey area, the points remain on the same sides of the hyperplanes:
the Jacobian matrix remains constant.

Baptiste Plaquevent-Jourdain 2023 Optimization Days /29/2023 12 /26



Underlying problem
0000®00

Directions and h

H,

Hy

In the grey area, the points remain on the same sides of the hyperplanes:
the Jacobian matrix remains constant.
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Directions and hyperplanes - 3

H,

Hy

+ =4
- =B
- =B

In the grey area, the points remain on the same sides of the hyperplanes:
the Jacobian matrix remains constant.
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Directions and hyperplanes - 3

H,

R
s e1+te
4
.
.
€1
T H,y
Hy
- =B
- =B
- =B

In the grey area, the points remain on the same sides of the hyperplanes:
the Jacobian matrix remains constant.
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Underlying problem
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Directions and hyperplanes - 3

H,

7
- =B 7 e+ e
+ = A /,
- =B, e
€1
z H,y
Hy

In the grey area, the points remain on the same sides of the hyperplanes:
the Jacobian matrix remains constant.
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Directions and h

In the grey area, the points remain on the same sides of the hyperplanes:
the Jacobian matrix remains constant.
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Summary

|I(x)| = p hyperplanes, H; = vi", v; = Bi. — Ai.

)

R™ U H; = differentiable points, on the + or — side of every H;.
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Underlying problem
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Summary

[I(x)| = p hyperplanes, H; = vi-, v; = Bi. — Ai.
R™ U H; = differentiable points, on the + or — side of every H;.

Fundamental question

given Vi = (B,'y; = A,'y;)T
find all s = (s1,..., sp) € {£1}7,
st.3d.,Vie[l:p],svd >0

2P linear feasibility problems to solve... How to improve?
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From literature

Very well-known in algebra / combinatorics...
... but very theoretically: Mbius function, lattices, matroids.
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Underlying problem
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From literature

Very well-known in algebra / combinatorics...
... but very theoretically: Mbius function, lattices, matroids.

Very impressive results such as |0z F(x)| (Winder [Win66])

‘aBF(X)‘ — Z (_1)\T|—n+dim(ﬂ H: teT)
TC{H,,ie[l:m]}

— Z (_1)|V\7rank(\))

VC{Vl,---,Vm}
_ Z (_1)null(V)
VC{Vl,--me}

or upper bounds but not exactly 9z F(x).
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© An algorithm for arrangements
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An algorithm for arrangements
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Main reasoning

Algorithm from [RC18]:
e recursive process that adds hyperplanes one at a time
e uses a tree structure

each node has one or two descendants,

depending on linear feasibility (optimization) check
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An algorithm for arrangements
oceo

Main reasoning

Algorithm from [RC18]:
e recursive process that adds hyperplanes one at a time
e uses a tree structure
e each node has one or two descendants,
e depending on linear feasibility (optimization) check

Or same tree structure but in a 'dual’ way ('dual algorithm’).
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An algorithm for arrangements
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lllustration of the regions and tree on the previous example

- — - — — >
€
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lllustration of the regions and tree on the previous example
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Improvements and results
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Infeasibility, matroids and circuits - 1

H,
—++ 4
€ ’(
7z e +e
—— ,,’
z o H,
Hj
——— +—+
+__

++— (and ——+) corresponds to an empty region: + means right to Hy,
+ over H,, — down left Hs: such a point does not exist.
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Infeasibility, matroids and circuits - 2

With p > 3, ++—+ «...- « always infeasible.
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Improvements and results
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Infeasibility, matroids and circuits - 2

With p > 3, ++—+ «...- « always infeasible.

Gordan's alternative

M € RP*" exactly one is true:

3deR": Md > Oge (3)
JyeREN{0}: MTy=0

s € {£1}P arbitrary:
M = diag(s)VT — Md = (s1v] d;...;spv] d)
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Improvements and results

00e000

Infeasibility, matroids and circuits - 2

With p > 3, ++—+ «...- « always infeasible.

Gordan's alternative

M € RP*" exactly one is true:

3deR": Md > Oge (3)
JyeREN{0}: MTy=0

s € {£1}P arbitrary:
M = diag(s)VT — Md = (s1v] d;...;spv] d)

"Feasibility of a system or element in the null space of the matrix”
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Improvements and results
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Infeasibility, matroids and circuits - 3

Instead: search for I = {7} and prune/stop the tree when an
infeasibility is detected.
The ~'s represent the "circuits” of the "matroid” defined by V
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Infeasibility, matroids and circuits - 3

Instead: search for I = {7} and prune/stop the tree when an
infeasibility is detected.
The ~'s represent the "circuits” of the "matroid” defined by V

the tree [from [RC18]]

slight improvements on the overall tree

the dual algorithm detecting infeasibilities

normal tree algorithm but with some infeasibility detection
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Improvements and results
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Infeasibility, matroids and circuits - 3

Instead: search for I = {7} and prune/stop the tree when an
infeasibility is detected.
The ~'s represent the "circuits” of the "matroid” defined by V

the tree [from [RC18]]

slight improvements on the overall tree

the dual algorithm detecting infeasibilities

normal tree algorithm but with some infeasibility detection

Quite significant improvements brought by duality!
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Improvements and results
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Numerical results

CPU times (in sec)
original | Improved tree-1 Improved tree-2 Fully dual tree

Problem code Time  Ratio Time  Ratio Time Ratio
rand-4-8-2 1.06 0.10 10.75 0.02 48.44 0.03 36.67
rand-7-9-4 1.13 0.45 2,51 0.29 3.95 0.02 68.67
rand-7-13-5 11.06 4.29 2.58 2.94 3.76 0.25 44.60
rand-8-15-7 64.79 29.53 2.19 27.59 2.35 454 14.29
rand-9-16-8 157.05 78.01 2.01 81.61 1.92 18.87 8.32
rand-10-17-9 352.42 | 196.09 1.80 213.48 1.65 70.19 5.02
srand-8-20-4 874.01 | 323.56 2.70 649.61 1.35 705.36 1.24
rc-2d-20-6 12.68 0.35 36.06 0.26 48.78 0.26  49.63
rc-2d-20-7 23.01 0.56  40.87 0.53 43.06 0.45 51.50
rc-perm-6 62.89 0.84 74.44 233 27.03 246 25.61
rc-perm-8 6589.31 85.70 76.89 | 1599.53 4.12 | 5290.13 1.25
rc-ratio-20-5-7 91.57 27.43 3.34 29.70 3.08 20.54 4.46
rc-ratio-20-5-9 88.24 25.21 3.50 27.54 3.20 17.75 4.97
rc-ratio-20-7-7 581.28 | 241.24 2.41 506.67 1.15 447.83 1.30
rc-ratio-20-7-9 460.64 | 162.95 2.83 315.67 1.46 234.72 1.96
Mean 16.60 13.90 30.31
Median 3.24 4.12 27.80
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Conclusion

Duality and matroids brought considerable improvements
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Improvements and results
oooooe

Conclusion

Duality and matroids brought considerable improvements

e adaptations to affine hyperplanes (for themselves)

e Julia code for this in development

e Jp min(nonlinear)
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Improvements and results
oooooe

Conclusion

Duality and matroids brought considerable improvements

e adaptations to affine hyperplanes (for themselves)

e Julia code for this in development

e Jp min(nonlinear)

Thank you for your attention! Any question?
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Various properties

~origin = center of symmetry ; s;v;'d > 0 < (—s;)v;(—d) > 0

]

e1t+er

(e1+ e

Feasible < pointed cone Infeasible < non-pointed

-"connectedness” property (vertices = J's, edges = hyperplanes)
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With one more vector

o Given (vi,...,ve_1); Vi ; Sk_1 C {&1}F1
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With one more vector

o Given (vi,...,ve_1); Vi ; Sk_1 C {&1}F1

o Vs=(s,..., S 1) € Sk_1, we know d<~1 st :
Vie[l:k—1], sivdst >0
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Method - adding vectors one at a time

With one more vector

o Given (vi,...,ve_1); Vi ; Sk_1 C {&1}F1
o Vs=(s,..., S 1) € Sk_1, we know d<~1 st :
Vie[l:k—1], sivdst >0

T jk—1 T
* Vicd: >0:>{ sividit >0 ’{ svid >0 = LO.
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Method - adding vectors one at a time

e Given (vi,...,vk_1); Vk ; Sk—1 C {£1}F71
o Vs=(s,..., S 1) € Sk_1, we know d<~1 st :
Vie[l:k—1], sivdst >0
T jk—1 T
¢ vkdi >0= { sividit >0 /’{ svid >0 - LO.
—viditt >0 +vid >0
.des <0:>{S,'VI-TdSk1>O /,{ SIVITd>0_>LO

With one more vector
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Method - adding vectors one at a time

e Given (vi,...,vk_1); Vk ; Sk—1 C {£1}F71
o Vs=(s,..., S 1) € Sk_1, we know d<~1 st :
Vie[l:k—1], sivdst >0
T jk—1 T
¢ vkdi >0= { sividit >0 /’{ svid >0 - LO.
—viditt >0 +vid >0
.des <0:>{S,'VI-TdSk1>O /,{ SIVITd>0_>LO

o vidit

= 0 = both systems v by perturbation

With one more vector
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Circuits of matroids

We look at subsets / C [1: p], dim(N(V.))) =1
andV /' C [, dim(N(V.p)) =0

dim(N(V,0)) = 1 =N(V,) = Veet(n)
=V.m =0 V. sign(n) sign(n)n = 0
——— ——
VenSoy =120
N (V. ) gives "unsigned’ n's which define the sign s; = 1 because
if > 2, smaller subsets are of dim(N) =1
2P LO feasibility <> 2P N searches; subsets of size < 1 + rank(V/)

Issue (unresolved): "optimal” way to compute efficiently: if / s.t.
dim(N(V.)) =1, I" 2 | useless to check
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