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Problem presentation

Complementarity Problems (CPs)

General form: Facchinei Pang [FP03], Acary Brogliato [AB08]. . .

find x ∈ Rn s.t. F (x) > 0, G(x) > 0, F (x)TG(x) = 0
⇐⇒ 0 6 F (x) ⊥ G(x) > 0,

(1)

Mostly, F ,G : Rn 7→ Rn smooth. Often:
G is the identity (G(x) = x), 0 6 F (x) ⊥ x > 0.
G identity, F affine (LCPs, Cottle Pang Stone [CPS09])

0 6 (Mx + q) ⊥ x > 0. (2)
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Problem presentation

Relevance of CPs

Phenomena in competition, threshold effects [HP90; FP97]

r : reaction, z : height

∀ point y ,


r(y) > 0,
z(y) > 0,
r(y)z(y) = 0.

constrained optimization

min f (x), g(x) 6 0

KKT
{
∇f (x) +∇g(x)λ = 0
0 6 λ ⊥ (−g(x)) > 0

Various other problems
(Robinson [Rob80], [FP03]. . . ).
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Problem presentation

An essential difficulty

At a solution x , Fi (x) = 0 or Gi (x) = 0 for all i ∈ [1 : n].
2n possibilities: combinatorial aspect.

NP-hard even for LCPs [Chu89], [Koj+91].
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Problem presentation

Possible reformulation techniques

C-function:

ϕ : R2 → R, s.t. ϕ(a, b) = 0 ⇐⇒ a > 0, b > 0, ab = 0,
⇐⇒ 0 6 a ⊥ b > 0.

0 6 F (x) ⊥ G(x) > 0 ⇔ Hϕ(x) := (ϕ(Fi (x),Gi (x)))i∈[1:n] = 0

ϕFB(a, b) :=
√

a2 + b2 − a − b (Fischer [Fis92], [DFK00])
ϕmin(a, b) := min(a, b), H := Hmin (Pang [Pan90; Pan91], Qi
[Qi93])
many more ([Gal12; KYF97; FJ00; Alc+20])
smoothing of the problem [Had09; CNQ00; Vu+21]
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Problem presentation

Illustration

Level sets of the C-function ϕFB, nondifferentiable only at the origin.
Level sets of the C-function ϕmin, nondifferentiable at the dashed line.
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One nonsmooth method

Nonlinear (nonsmooth) equations – Newton’s method

Smooth case

Iteration

xk+1 = xk − H ′(xk)−1H(xk)
( = xk + dk)

x0 near x∗, H ∈ C1,1,
H ′(x∗) nonsingular
⇒ convergence

Can cycle if H nonsmooth [Kum88]

Semismooth Newton iteration

xk+1 = xk − J−1
k H(xk)

any Jk ∈ ∂B|C H(xk)

x0 near x∗, H semismooth,
all J ∈ ∂B|C H(x∗) nonsingular

⇒ convergence
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One nonsmooth method

Generalizing derivatives

Two main differentials: [Cla90] (Clarke)

∂BH(x) := {J ∈ Rn×n : ∃ (xk)k → x , xk ∈
domain
DH ,H ′(xk)→ J},

∂C H(x) := conv(∂BH(x)).

Bouligand, C larke (= generalizes the convex subdifferential)

1D example where ∂BH(x) = {−1,+1/2}, ∂C H(x) = [−1,+1/2] 3 0!
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One nonsmooth method

Why the minimum?

FB vs minimum
HFB H = Hmin

∂BHFB(x∗) is a continuum ∂BH(x∗) is a finite set
ϕ2

FB is smooth (SC1) finite convergence if F , G affine
more studied less explored
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One nonsmooth method

Globalization

In theory, with a good x0, any J ∈ ∂BH(x) X. In practice?
Local H(x) = 0 → global min θ := ||H(x)||2/2.

Left: level sets of θ. Globally, some J decrease θ, some increase it.
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One nonsmooth method

Contributions – two main topics

compute ∂BH(x) in the affine case:
relevant for LCPs and linearizations,
link with centered hyperplane arrangements,
extension to general arrangements,
algorithmic approach;

globalize H(x) = 0 via the minimization of θ:
J ∈ ∂BH(x) and directions,
algorithmic aspects (ongoing work).
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Computation of ∂B H(x)

Setting

Initial question and objective

0 6 Ax + a ⊥ Bx + b > 0 ⇐⇒
H(x) = min(Ax + a,Bx + b) = 0.

∂BH(x) = {J ∈ Rn×n : ∃ (xk)k → x , xk ∈ DH ,H ′(xk)→ J}.

Relation between ∂BH and hyperplane arrangements: first part of
[DGP25a], published in Math. Prog. Comp. (Jan. 2025).

Baptiste Plaquevent-Jourdain PhD Defense - Inria Paris 16/07/2025 12 / 52
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Computation of ∂B H(x)

Computing the B-differential

Summary: (see also [XC11])
H piecewise affine, “derivative” piecewise constant;

H i (x) ∈ {(Ax + a)i , (By + b)i} = {Ai ,:x + ai ,Bi ,:x + bi},
J i ,: ∈ {Ai ,:,Bi ,:} ∀ J ;

2 possibilities for each i : combinatorial nature;

H i nondifferentiable at x iff Ai ,:x + ai = Bi ,:x + bi , Ai ,: 6= Bi ,:
:= hyperplane containing x .
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Computation of ∂B H(x)

B-differential and hyperplanes

Ai,:↔ +, Bi,:↔ −. In the areas, the J is constant: one needs to
determine the nonempty areas.
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Computation of ∂B H(x)

General case, no intersection

How to determine the chambers?

Studied for centuries [Ste26; Rob87; Sch50]
Applications / . . . [Zas75; DP22; Sle00; BEK23; Zie07; Oxl11]
(Zaslavsky, Ziegler, Oxley. . . )
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Computation of ∂B H(x)

Notation

Hi := {x ∈ Rn :
vi∈Rn,τi∈R︷ ︸︸ ︷
vT

i x = τi}, V = [v1 . . . vp], τ = [τ1; . . . ; τp]

H+
i := {x ∈ Rn : vT

i x > τi︸ ︷︷ ︸
+(vT

i x−τi )>0

}, H−i := {x ∈ Rn : vT
i x < τi︸ ︷︷ ︸

−(vT
i x−τi )>0

}

Which intersections ⋂p
i=1(H+

i or H−i ) are nonempty?

Geometric to analytic: sign vectors

find S(V , τ) := {s = (s1, . . . , sp) ∈ {±1}p,

s.t. ∃ x s ∈ Rn, ∀ i ∈ [1 : p], si (vT
i x s − τi ) > 0}

Formula (bound from 19th century!) give |S(V , τ)|, not S(V , τ).
Naively: 2p strict affine feasibility systems (LOPs).
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Computation of ∂B H(x)

Towards algorithms

Use of linear optimization
Additional variable α: the > 0 become > 0

α∗s = minx∈Rn,α>−1 α
s.t. s i (vT

i x − τi ) + α > 0, ∀ i ∈ [1 : p] (3)

s ∈ S(V , τ) ⇐⇒ α∗s < 0.

Main algo: Rada & Černý [RČ18]; improvements in [DGP25b].
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Computation of ∂B H(x)

Illustration of the RČ algorithm

+ −

++ +− −+ −−

+ −

+++ ++− +−+ +−− −++ −+− −−+ −−−

++ +− −+ −−

+ −
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Computation of ∂B H(x)

Summary of the algorithm

at each s ∈ {±1}k , x s verifies (s,+) or (s,−);
one LOP per node for the other, (3) with k + 1 signs;
good theoretical properties (> previous ones [AF92; Sle98],
[BN82; EOS86] more general).

Main cost: LOPs – can we solve less?
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Some improvements
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Some improvements

Closeness (heuristic “B”)

Left: level k. Right: shift of x s when x s ∼∈ Hk+1.

Details

For s ∈ {±1}k with x s , if x s ∼∈ Hk+1 ⇔ vT
k+1x s − τk+1 ' 0,

(s,+1) and (s,−1) in level k + 1 without LOP.

Baptiste Plaquevent-Jourdain PhD Defense - Inria Paris 16/07/2025 20 / 52
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Some improvements

Sequencing (heuristic “C”) – which order to choose?

s

(s,+) (s,−)

(s,+,−) (s,−,−)

s

(s,−)

(s,−,+) (s,−,−)

Changes inner levels – level p is always S(V , τ).
Baptiste Plaquevent-Jourdain PhD Defense - Inria Paris 16/07/2025 21 / 52
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A new approach by duality

Dual approach: avoid LOPs

s ∈ {±1}p is incompatible if s /∈ S(V , τ) (s ∈ S(V , τ)c):

@ x ∈ Rn : s q (V Tx − τ) > 0,
⇔ s qV Tx > s q τ.

With all incompatible s I : no need for LO in the tree.
For s ∈ {±1}p and I ⊆ [1 : p], s I incompatible ⇒ s is
incompatible (more inequalities).
For s ∈ {±1}p incompatible, ∃ minimal incompatible s I .
Find all the smallest I with s I incompatible.
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A new approach by duality

Circuits and stem vectors – 1

A convex analysis tool: duality via Motzkin’s alternative [Mot36]

@ x : Mx > m ⇐⇒ ∃ α ∈ Rp
+ \ {0} : MTα = 0,mTα > 0.

s I incompatible ⇐⇒ @ x ∈ Rn : s I qV T
:,Ix > s I q τI

⇐⇒ ∃ α ∈ RI
+ \ {0} : V:,I (s I qα︸ ︷︷ ︸

=η∈RI

) = 0, τT
I (s I qα︸ ︷︷ ︸

=η∈RI

) > 0.

The η is in N (V:,I) \ {0}, and oriented: τT
I η > 0 (otherwise: −η).
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A new approach by duality

Circuits and stem vectors – 2

s I incompatible ⇐⇒ ∃ η ∈ RI \ {0} : V:,I η︸︷︷︸
s I qα = 0, τT

I η︸︷︷︸
s I qα > 0.

Smallest I’s, η ∈ N (V:,I ) \ {0} ⇒ matroid circuits of V [Oxl11]:

C(V ) := {I ⊆ [1 : p] : null(V:,I )︸ ︷︷ ︸
dim(N (V:,I ))

= 1, null(V:,I0 ) = 0 ∀ I0 ( I}

Stem vectors S(V , τ) := {σ ∈ {±1}I : I ∈ C(V ) and

σ = sgn(η) for η ∈ N (V:,I ) \ {0} s.t. τT
I η > 0}.
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A new approach by duality

Circuits and stem vectors – 3

Covering test
s ∈ S(V , τ)c ⇐⇒ s I ∈ S(V , τ) for some I ⊆ [1 : p].

(sgn(η) = sgn(s I qα) = sgn(s I) = s I)

Dual algorithm: tree with covering tests
Compute S(V , τ) (via C(V )).
Test if (s,+1) covers a stem vector.
If yes, stop; if no, recursion on (s,+1).
Same for (s,−1).
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A new approach by duality

Comparison

each inner node Primal Dual
verification 1 LOP: 1-2 covering test(s):
concretely low-dimension array operations

Computing S(V , τ) is a combinatorial problem.
If |S(V , τ)| large, long computation and covering tests.

Intermediate: Primal-Dual, only some duality
launch the primal tree;
(s,±) incompatible Motzkin=⇒ stem vector;
use the acquired stem vectors (and still LOPs).
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A new approach by duality

General improvement: “compaction”
Definition: s ∈ {±1}p symmetric if s,−s ∈ S(V , τ).
S(V , τ) symmetric if S(V , τ) = −S(V , τ).

Principle
S(V , τ) (and tree) asymmetric, we can “symmetrize”.
For all variants (RČ, P, D, PD).

Asymmetric arrangement

S(V , τ) = {(+++), (−++), (+−+),
(−−+), (−−−), (+−−), (−+−)}

except (−−+), rest symmetric
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A new approach by duality

Compaction illustrated

−−−+++ +++ ++−
++ +−

+

+−+ +−−+−+ +−− −++ −+− −−+
++ +− −+ −−

+ −

Left: classic tree. Right: compact tree.

Blued nodes: asymmetric nodes, correction in the right tree. At
the end, the other nodes are multipled by −1 to recover all nodes.
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Some results

Outline

1 Motivation
Problem presentation
One nonsmooth method

2 Hyperplane Arrangements
Computation of ∂BH(x)
Some improvements
A new approach by duality
Some results

3 LM-PNM
Presentation of NM and PNM
Least-squares over regularity
Technical choice of the weights
Algorithmical considerations
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Some results

Algorithms and instances

Basic: [RČ18] – “RČ” (Rada Černý).
With heuristics – “P” (Primal).
Without LOPs, just stem vectors – “D” (Dual).
LOPs and some stem vectors – “PD” (Primal-Dual).
Relevance of compaction (/C).

Trade-off between randomness and structure in the 50 tested instances.
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Some results

Details on instances

Pairs (n, p) for some linear and affine instances, grouped by colors.
Instances up to 106 chambers/circuits (to run on a laptop). Example:
n = 7, p = 20, up to 137980 chambers, 125970 stem vectors.
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Some results

Comparison of the main variants

10
0

10
1

0

0.2

0.4

0.6

0.8

1

RC

P

PD

D

x-axis: relative efficiency (on time), y-axis: % of problems; above/left
means being better. One has: primal-dual (PD) > primal (P) on some
instances, both > Rada-Černý (RČ) and dual (D), which are quite close.
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Some results

Variant vs compact variant

1 1.1 1.2 1.3 1.4 1.5 1.6
0

0.2

0.4

0.6

0.8

1

RC
RC/C

Compaction improves Rada-Černý RC, primal P and primal-dual PD (axis
up to 2), but not really dual (D): less tests but more stems.
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Some results

Variant vs compact variant
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Compaction improves Rada-Černý RC, primal P and primal-dual PD (axis
up to 2), but not really dual (D): less tests but more stems.
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Some results

Initial vs best algorithm

0 5 10 15 20
0

0.2

0.4
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0.8

1

RC
PD/C

Larger x -axis: average ' 4. Especially better on “structured” instances.
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Some results

Possible future work

Code: data structures, parallelism; specialized techniques [DP22]?

Taking symmetry into account (see [BEK23] and [Ram23]):
either to consider only a part of the tree
or to obtain / use circuits (stem vectors) much more faster.

Also, {±1}p → {−1, 0,+1}p:
intersections of halfspaces

and/or hyperplanes.

Example with three lines.
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Presentation of NM and PNM

Recall of Newton-min (NM)

Problem and Newton-min algorithm ([Pan91; Qi93])

H(x) := min(F (x),G(x)) = 0

take a “good” x0;
x+ = x + d = x − J−1H(x), J ∈ ∂×B H(x) (or ∂C );
requires all J ∈ ∂×B H(x∗) nonsingular.

∂×B H(x) := ∂BH1(x)× · · · × ∂BHn(x)
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Presentation of NM and PNM

Index sets

if Fi (x) < Gi (x), H i (x) = Fi (x), ∂BH i (x) = {F ′i (x)}
if Fi (x) > Gi (x), H i (x) = Gi (x) ∂BH i (x) = {G ′i (x)}
if Fi (x) = Gi (x), = H i (x) ∂BH i (x) = {F ′i (x),G ′i (x)}

Representation of the index sets.
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Presentation of NM and PNM

Newton-min system

NM splits E(x) = EF (x) ∪ EG(x):

{
(F (x) + F ′(x)d)F(x) ∪ EF (x) = 0,
(G(x) + G ′(x)d)G(x) ∪ EG(x) = 0,

simple, good local convergence.
NM index sets.

But which partition far from solutions?
→ An augmented system ensuring descent (θ decreases).
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But which partition far from solutions?
→ An augmented system ensuring descent (θ decreases).
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Presentation of NM and PNM

Polyhedral Newton-min (PNM) [DFG25]

Let E0+(x) := {i : Fi = Gi > 0} and E−(x) := {i : Fi = Gi < 0},
E0+
F (x) ∪ E0+

G (x) be a partition of E0+(x):

The “positive” and “negative” kinks.

Right: type of PNM partitioning.

E0+(x) violates complementarity, E−(x) also violates > 0.
(See also [PG93; QS94; HPR92].)
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Presentation of NM and PNM

PNM method (simplified)

For E0+
F (x) and E0+

G (x), one equality, for E−(x), 2 inequalities.

polyhedron in d :


Fi + F ′i d = 0 i ∈ F(x) ∪ E0+

F (x),
Gi + G ′i d = 0 i ∈ G(x) ∪ E0+

G (x),
Fi + F ′i d > 0 i ∈ E−(x),
Gi + G ′i d > 0 i ∈ E−(x).

Such d ⇒ θ′(x ; d) 6 0 (1st-order info), θ decreases.

θ′(x ; d) = −2θ(x)︸ ︷︷ ︸
smooth

+
∑

i∈E(x)
Hi (min(Fi + F ′i d ,Gi + G ′i d))︸ ︷︷ ︸

due to nonsmooth

6 −2θ(x).
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Presentation of NM and PNM

PNM regularity

The polyhedron has n + |E−(x)| equations, n variables.
PNM stuck when it is empty.

PNM regularity condition to have a d
At a solution x̄ , for all x near x̄ and all partitions of E0+(x), a
Mangasarian-Fromovitz condition holds at x with each partition.

Hybrid version: if NM works X, otherwise PNM (seldom).
Excellent performance on random data / applications.

Now, we try to remove the regularity.
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Least-squares over regularity

Outline

1 Motivation
Problem presentation
One nonsmooth method

2 Hyperplane Arrangements
Computation of ∂BH(x)
Some improvements
A new approach by duality
Some results

3 LM-PNM
Presentation of NM and PNM
Least-squares over regularity
Technical choice of the weights
Algorithmical considerations
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Least-squares over regularity

What if the polyhedron is empty?

Least-squares to find “a best possible d”, min ||(4)||2/2:

Fi + F ′i d = 0 i ∈ F(x)
Gi + G ′i d = 0 i ∈ G(x)
Fi + F ′i d = 0 i ∈ E0+

F (x) γi = 1, γ i = 0
Gi + G ′i d = 0 i ∈ E0+

G (x) γi = 0, γ i = 1
Fi + F ′i d > 0 i ∈ E−(x) × γi
Gi + G ′i d > 0 i ∈ E−(x) × γ i

(4)

Indices of E−(x) appear twice: convex weights to balance,
γ− = (γi )i ∈ [0, 1]E−(x) and γ i := 1− γi .

Same for E0+(x), γ+ = (γi )i ∈ {0, 1}E
0+(x), γ i := 1− γi (or [0, 1])

{0, 1}: partitionning (Fi or Gi )
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Least-squares over regularity

Brief comment on Levenberg-Marquardt (LM)

LM: mind
1
2qx (d) + λ

2 dTSd , curve λ 7→ d(λ).

Illustration in the smooth case. When λ↘ 0, d(λ)→ Newton direction,
when λ→ +∞: d(λ)→ −S−1∇θ the tangent of the curve.
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Least-squares over regularity

Least-squares formulation

qx (d)/2 := ||(4)||2/2 with γ+, γ− + Levenberg-Marquardt

min
d∈Rn

ψx (d) := 1
2[qx (d) + λdTSd ], λ > 0,S � 0 (5)

ψx piecewise quadratic model of θ at x
ψx always has a minimizer d even with empty polyhedron
g(γ+, γ−) := ∇ψx (d = 0) has a descent property for θ?

g(γ+, γ−) = g0(x) + M+γ+ + M−γ−
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Technical choice of the weights

Outline

1 Motivation
Problem presentation
One nonsmooth method

2 Hyperplane Arrangements
Computation of ∂BH(x)
Some improvements
A new approach by duality
Some results

3 LM-PNM
Presentation of NM and PNM
Least-squares over regularity
Technical choice of the weights
Algorithmical considerations
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Technical choice of the weights

Computations

Goal: decrease the nonsmooth merit function
Can we choose γ+, γ− to have θ′(x ;−g(γ+, γ−)) 6 0?

θ′(x ;−g(γ+, γ−)) = −||g(γ+, γ−)||2 } 6 0
+ρE0+(x)(x , γ+, g(γ+, γ−)) } 6 0
+ρE−(x)(x , γ−, g(γ+, γ−)) } > 0

ρE0+(x), ρE−(x) nonsmooth, quadratic in γ+, γ− respectively.
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Technical choice of the weights

Choosing correct weights

Lemma: existence of appropriate weights
Let γ+, ∃ γ−(γ+) s.t. ρE−(x)(x , γ−(γ+), g(γ+, γ−(γ+))) = 0:

θ′(x ;−g(γ+, γ−(γ+))) =− ||g(γ+, γ−(γ+))||2

+ ρE0+(x)(x , γ+, g(γ+, γ−(γ+))) + 0 6 0.

way to choose a good piece,
possibly multiple γ−(γ+), γ+ 7→ g(γ+, γ−(γ+)) unique;
if g(γ+, γ−(γ+)) = 0, γ+ irrelevant;
wrong γ− can make θ′(x ;−g(γ+, γ−)) > 0.
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Technical choice of the weights

Illustration of the lemma

All partitions ({0, 1}2) increase θ. Correct weights yield descent.
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Technical choice of the weights

Summary

Robustification of the polyhedral system;
“control” role for E0+(x);
convex weights for E−(x).

Remaining questions:
finding γ+ such that g(γ+, γ−(γ+)) 6= 0;
convergence and algorithmic aspect.
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Algorithmical considerations
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Algorithmical considerations

Stationarity detection with the weights

Characterizing stationarity with the γ’s:
The following properties are equivalent:
1) x is θ-stationary (i.e., ∀ d ∈ Rn, θ′(x ; d) > 0);
2) for all γ+ ∈ [0, 1]E0+(x), g(γ+, γ−(γ+)) = 0.

Zonotope := Z (M) = M[−1,+1]q, M ∈ Rn×q.

Stationarity detection reformulated
2) is equivalent to verifying an inclusion between two zonotopes,
which is co-NP-complete (in general) [KA21].
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Algorithmical considerations

Some observations

any γ+ with g(γ+, γ−(γ+)) 6= 0 X (disproves inclusion);
combinatorial aspect in |E0+(x)| and |E−(x)|, maybe small;
some conditions ⇒ polynomial time ([ST19], App. C).
γ−(γ+) is a projection on a zonotope.
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Algorithmical considerations

An iteration of the algorithm

Algorithm Compute γ then usual LM
1: Obtain a suitable pair γ+, γ−(γ+) (or xk stationary)
2: Get d(λk) = arg mind ψxk (d) using λk , γ+, γ−,Sk
3: while d(λk) not suitable do
4: increase λk and recompute d(λk)
5: end while
6: Update xk+1 = xk + d(λk) then λk+1 and Sk+1

No assumption on (F ,G), very costly intermediate computation.

Properties
With LM assumptions, (θ(xk))k decreases, g(xk)→ 0.
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Algorithmical considerations

Into perspective

good γ+ ⇒ g(γ+, γ−(γ+)) 6= 0 (for algo),
optimal γ+ ⇒ g(γ+, γ−(γ+)) ∈ ∂Cθ(x) \ {0},
by ∂C , if xk → x∗, 0 ∈ ∂Cθ(x∗) (weak stationarity),
very high cost in practice (γ+, γ− and LM steps).

Paradigm (see [BH20; Car+20; Car+21; JLZ22])
Detecting a stationarity point is co-NP-complete,

obtaining one is much more difficult.
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Conclusion of the thesis

Main take-aways
H induces an arrangement structure
duality and heuristics speed-up the computation of chambers
CPs: γ+, γ− clarified by dualized arrangements (zonotopes)

Possible extensions:
tailoring RČ for specific arrangements;
for all the arrangement ({−1, 0,+1}p);
better LM convergence theorem;
refined algorithm.

Thank you for your attention! Any question?
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tailoring RČ for specific arrangements;
for all the arrangement ({−1, 0,+1}p);
better LM convergence theorem;
refined algorithm.

Thank you for your attention! Any question?

Baptiste Plaquevent-Jourdain PhD Defense - Inria Paris 16/07/2025 52 / 52



Motivation Hyperplane Arrangements LM-PNM References

Conclusion of the thesis

Main take-aways
H induces an arrangement structure
duality and heuristics speed-up the computation of chambers
CPs: γ+, γ− clarified by dualized arrangements (zonotopes)

Possible extensions:
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Number of elements in the differentials

F (x) = x , G(x) = (ax1 + bx2, cx1 + dx2) with a, b, c, d ∈ R.
At x∗ = 0, |∂BH(x∗)| ∈ {2, 4}. What about ∂BHFB(x∗)?

For x 6= 0 (see also Izmailov Solodov [IS14, p.151]):

H ′FB(x) =

 x1+a(ax1+bx2)
||(x1,ax1+bx2)|| − 1− a b(ax1+bx2)

||(x1,ax1+bx2)|| − b
c(cx1+dx2)
||(x2,cx1+dx2)|| − c x2+d(cx1+dx2)

||(x2,cx1+dx2)|| − 1− d


∂BHFB(x∗) is a continuum; lines interact (like with H).
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Illustration

Left: values for the first line of the Jacobians. Right: values for the
second line of the Jacobians. In orange, there are 2× 2 = 4 elements for
∂BH(x∗) whereas those in ∂BHFB(x∗) form a continuum (each dot of
one black curve corresponds to one dot on the other).
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Summary of some basic methods

∂? reg(ularity) at x∗ |∂?| differentiable?
NM ∂×B H b-reg, 2p J piecewise

SNM
ϕFB

∂
(×)
C HFB CD(FB)-reg, © (“ball”) SC1
∂

(×)
B HFB BD(FB)-reg, © (“sphere”)

min ∂×C H CD(min)-reg, © (“cube”) piecewise
∂BH smaller b-reg, 6 2p J piecewise

Table: Properties of some nonsmooth methods. SNM: Semismooth
Newton Method; NM: Newton-Min; © : continuum

(∂×C H(x) :=
n∏

i=1
∂C Hi (x))
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Computing the B-differential - multiple indices

H non− diff in xk ⇔ ∃ i : (Axk + a)i
C1= (Bxk + b)i ,Ai ,:

C2
6= Bi ,:

I(x) := {i ∈ [1 : n] : Ai ,:x + ai = Bi ,:x + bi ,Ai ,: 6= Bi ,:}; |I(x)| = p

(Axk + a)i
C1= (Bxk + b)i

xk =x+dk⇔ (Ax + a)i + Ai ,:dk

= (Bx + b)i + Bi ,:dk

⇔ Ai ,:dk = Bi ,:dk ⇔ dk ∈ v⊥i

Hi := (Bi ,: − Ai ,:)⊥ := v⊥i , vi 6= 0 (C2) ; for ∂B, Rn\(x + ∪p
i=1Hi )

Rn = H−i ∪ Hi ∪ H+
i ,

{
H−i = {x ∈ Rn : vT

i x < 0}
H+

i = {x ∈ Rn : vT
i x > 0}

H−i ⇔ Bi ,:d − Ai ,:d < 0⇔ min(. . . ) = (B . . . )i ⇔ J i ,: = Bi ,:
H+

i ⇔ Bi ,:d − Ai ,:d > 0⇔ min(. . . ) = (A . . . )i ⇔ J i ,: = Ai ,:
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If functions are not affine

Sets {y near x : Fi (y) = Gi (y)} are not hyperplanes.
First order Fi (y) = Fi (x) + F ′i (x)(y − x) (and G): → affine
case with hyperplanes and yields a subset of the real ∂BH(x).
Much harder due to “higher order”. . .

Here, linearizations yield the same hyperplane: two chambers, but there
is a third from points between the two curves.
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Cardinality properties

We want S, though some properties on |S| are well-known.

Some formulas
Bound (rank(V ) = n to simplify) Schläfli [Sch50]:

|S(V , τ)| 6
n∑

i=0

(
p
i

)
(6 2p);

attained in general position (' random V , τ).
For |S|: Winder, Zaslavsky [Win66; Zas75] (but not S):

|S(V , τ)| =
∑

I⊆[1:p],τI∈R(V T
:,I )

(−1)null(V:,I ) = (−1)nχ(−1).
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Illustration of duality

M = s qV T, m = s q τ : s q (V Tx − τ) > 0⇔ s qV Tx > s q τ

With V =
[

1 1
0 0

]
and τ = [−1; 1], {x : x1 = −1} and {x : x1 = +1}.

No −+ since (geometrically) −: left to the red hyperplane and + right
to the black hyperplane. Algebraically, − means x1 < −1 and + x1 > 1.

α =
(

1
1

)
, (V q [− +])α =

[
− +
0 0

]
α = 0, ([− +] q τ)α = 2 > 0
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About circuits/stem vectors

C(V ) := {I ⊆ [1 : p] : null(V:,I) = 1, null(V:,I0) = 0 ∀ I0 ( I}

No “good” algo (Rambau [Ram23]); adaptable for symmetries.
Upper bound

( p
r+1
)

[DSL06], = under general position.
“Double punishment” for fully dual method.

For degenerate arrangements, short circuits so less susbets
explored, but maybe lots of circuits (p large).
Ex: parallel hyperplanes – circuits of size 2 (so no larger subsets).
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Affine or linear?

coning/homogeneization/embedding/lifting/...

S
([

V 0
τ −1

]
, 0
)

= [S(V , τ)× {+1}] ∪ [−S(V , τ)× {−1}],

i.e., “an affine arrangement in dimension n is the upper [or lower]
half of a centered arrangement in dimension n + 1”.

Natural way so swap between affine and linear arrangements
S(V , τ) := affine(n, p) ' linear(n + 1, p + 1) (half of);
S(V , 0) := linear(n, p) ' affine(n − 1, p − 1) (two opposite).
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Details on compaction


S(V , 0) := {s ∈ {±1}p : ∃ x s ∈ Rn : s qV Tx s > 0}
S(V , τ) := {s ∈ {±1}p : ∃ x s ∈ Rn : s q (V Tx s − τ) > 0}
S([V ; τT], 0) := {s ∈ {±1}p : ∃ d s ∈ Rn+1 : s q [V T τ ]d s > 0}

S(V , τ) has a symmetric part (not perfectly geometrically).
S(V , τ) exactly between S(V , 0) and S([V ; τT], 0) (symmetric).
Possible to quantify the difference in # of LOPs.
Compute less than S(V , τ) chambers.
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The unifying method, Merino Mütze [MM24]?

{±1} → {0, 1}, connected vertices X of the hypercube.
A priori: the path may not be connected in Rn;
To next chamber: binary variable, not LO

min
y ,z

wT(y − x), yP0 = 0, yP1 = 1, (2y − 1) q (V Tz − τ) > 0?

For vertices of P = {z : Az 6 b} assumes it is a conv(X ) from A
and b. (Not obvious according to Ziegler [Zie99]?)

For circuits? x(C)i := 1(i ∈ C), x(C) ∈ {0, 1}n, C(x) = ∪xj =1{j}.
No “swaps” (flips) for circuits. The exchange axiom: 3 circuits. . .

min
y

wT(y−x), yP0 = 0, yP1 = 1,
{

null(V:,C(y)) = 1,
null(V:,C ′) = 0,C ′ ( C(y)?
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Full arrangements: not only halfspaces

With {−1, 0,+1}p, what changes? 2p → 3p,
known bounds (general position), RC algorithm with ternary tree.

Some things need to be adapted: especially compaction (relations).
Main issue: equalities (si = 0) are not maintained if τ 6= 0.

For σ’s, no changes? “chamber infeasible has no boundary”:
so stem vectors σ ∈ {±1}I mean every “s I ∈ [0, σ]” infeasible too.

Algorithmically? Tree has 1 / 3 descendants (two ⇒ third).
Compute chambers, join neighbors for n− 1 subchambers, n− 2. . .
Compute intersections of Hi ’s and binary trees on them, project in
the subspaces. . .
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Details on PNM

E−(x) becomes, for τ > 0 small
Fi (x) < 0, Gi (x) < 0
and |Fi (x)− Gi (x)| < τ .

PNM regularity condition to have a d
At a solution x̄ , for all partitions of E0+(x) of all x near x̄ , a
Mangasarian-Fromovitz condition holds at x and all partitions.

Hybrid NM: most often, d(NM) works X; PNM if iterate difficult;
spectacular on random data / applications.
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Explicit computations

One wants θ′(x ;−g(γ+, γ−)) 6 0.
Let Γ+ = Diag(γ+), Γ− = Diag(γ−) g
θ′(x ;−g(γ+, γ−)) = −||g(γ+, γ−)||2

0 > + HT
E0+(x)[min(−F ′E0+(x)g(γ+, γ−),−G ′E0+(x)g(γ+, γ−))

+Γ+F ′E0+(x)g(γ+, γ−) + Γ+G ′E0+(x)g(γ+, γ−)]︸ ︷︷ ︸
60

0 6 + HT
E−(x)[min(−F ′E−(x)g(γ+, γ−),−G ′E−(x)g(γ+, γ−))

+Γ−F ′E−(x)g(γ+, γ−) + Γ−G ′E−(x)g(γ+, γ−)]︸ ︷︷ ︸
60

min(−a,−b) + γa + γb =
{
γ(b − a) 6 0 if a > b
γ(a − b) 6 0 if a 6 b .
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Example of weights computation – 1

M =
(

1/2 1/2
−5 1

)
, q =

(
0

−1/10

)
, x =

(
−1/50
−1/50

)

Here, F(x) = ∅ = G(x), E(x) = {1, 2}. After computations. . .
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Example of weights computation – 2

[up to factor 1/200] The point to project is (7;−5)(= g1(x)).

The zonotope to project on is
[

1 10
−1 0

]
× [−1,+1]2

The projection is (7;−1) = 4/5× (11;−1) + 1/5× (−9;−1), and
also g(1, 4/5) = 4/5g(1, 1) + 1/5g(1, 0)
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Computation of the weights

Goal
Finding the best γ+ such that g(γ+, γ−(γ+)) 6= 0 (or stationarity).

max
γ+∈[0,1]E0+(x)

min
γ−∈[0,1]E−(x)

||g(γ+, γ−)||2/2

where g(γ+, γ−) = g0 + M+γ+ + M−γ−.

The outer max is a convex function (distance) on a hypercube:
maximized on a vertex, combinatorial nature
; {0, 1}E0+(x), partitions of E0+(x), inclusion by vertices
(strict local maxima also work).
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Algorithm properties

Sufficient decrease
1) dk(λ)/||dk(λ)|| →

λ→+∞
−S−1

k gk/||S−1
k gk ||

2) for λ large enough, a descent formula holds

Convergence
Let (xk , λk , Sk) be a sequence generated by algorithm 1.
1) The sequence (θ(xk))k decreases thus converges.
2) If (F ′(xk),G ′(xk), λkSk)k∈K for a subsequence K is bounded,

then gk → 0.

In particular, “good behavior” of algorithm is assumed: λk 9 +∞.
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“Concave kinks” – difficult (bad) limit points.
Consider a simple example with
n = 1, F (x) = x ,
G(x) = 1 + (x − 1)2, x0 = 3/2.

For x ∈ (1, 2), F (x) 6= G(x).

First iterates, convergence to x = 1. The
black curves are the quadratic models ψx .

Counter-example
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